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ABSTRACT 
A 5-dimensional convex polytope P is constructed whose graph G has the property 
that if it is the graph a convex polytope P' then P'  is combinatorially equivalent to P 
and, furthermore, G can be realized as the graph of P in only one way (i.e., if a subgraph 
of G determines a face of P it also determines a face of P'). 
1. INTRODUCTION 
A d-polytope is a d-dimensional set that is the convex hull of a finite 
number of points. A graph is d-polyhedral provided it is isomorphic to 
the graph formed by the 1-skeleton 1 of some d-polytope. A d-polyhedral 
graph G is called completely unambiguous provided 
(i) G is the graph of only one combinatorial type of d-polytope P. 
(ii) G is not e-polyhedral for any e ~ d. 
(iii) G can be realized as the graph of P in only one way. That is, if Pa 
and P~ are two combinatorially equivalent polytopes whose graph 
is G, and if a subgraph H is the graph of a face of P1, then it is the 
graph of a face of P2- 
Ambiguity in polyhedral graphs has been studied by Griinbaum and 
Motzkin [4], Klee [5], and Perles [6]. All 3-polytopes are completely 
unambiguous and completely unambiguous 4-polytopes are known. Many 
d-polyhedral graphs are known which satisfy one or two of the above 
conditions, but none is known which satisfies all three for d > 4. In this 
paper we shall construct a completely unambiguous 5-polyhedral graph. 
* Research supported in part by NSF grant GP-3470. 
i The reader is referred to [2] for definitions of terms not defined in this paper. 
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2. THE CONSTRUCTION 
We begin with the dual of the cyclic 4-polytope with seven vertices. 
This polytope, denoted by ~, has seven facets combinatorially equivalent 
to the 3-polytope in Figure 3. The graph of ~ is given in Figure 1. (For a 
discussion of cyclic polytopes ee [2, Ch. 4]. For a more complete descrip- 
tion of ~ see [3].) Let ~*  be the 5-polytope formed by taking a pyramid 
over ~ and let its graph be G*. We shall show that G* is completely 
unambiguous. We begin by showing that G* is not 4-polyhedral. 
Throughout his paper we shall be using the theorem of Steinitz [2, 
p. 235]: A graph is 3-polyhedral if and only if it is planar and 3-connected. 
From this we conclude 
LEMMA 1. The graph of any spherical (i.e., homeomorphic to a sphere) 
2-manifold M is 3-polyhedral provided no two 2-cells of M have a multiply 
connected union. 
COROLLARY 1. Any spherical 2-manifoM which is a subcomplex of the 
boundary complex of a polytope has a 3-polyhedral graph. 
LEMMA 2. Suppose two vertices of a 3-polyhedral graph ~ are joined 
by an edge e. I f  the two vertices do not lie on a face of fY (i.e., a circuit of ff 
corresponding to a face in any polytope whose graph is ~) then the new 
graph ~' is non-planar. 
PROOF: Suppose N' is planar. Since ff is 3-connected we have that if' 
is 3-connected and therefore 3-polyhedral. Let ~ '  be a 3-polytope whose 
graph is if'. We shall use the consequence of a theorem of Grtinbaum [2], 
that any circuit of if' which does not separate the set of edges of if' is a 
face of if'. Any face of ~ is thus a face of if' and, since at least two faces 
must contain e, we see that if' has at least two more faces than ft. Let V, 
E, and F be the numbers of vertices, edges, and faces of if, respectively. 
Euler's equation for ~ is V -  E + F = 2, but now we have that 
V -- (E + 1) + (F q- 2) = 3 and thus ~ '  does not satisfy Euler's equa- 
tion, which is a contradiction. 
LEMMA 3. I f  an edge e is removed from G the resulting raph is non- 
planar. 
PROOF: Since ~ is a simple polytope, e is contained in exactly three 
facets of ~.  The union of these facets is a 3-cell and its boundary is a 
spherical 2-manifold M1 in the boundary of ~. M1 may contain at most 
25 edges but ~ contains 28 edges. Thus there is an edge e' which is sepa- 
rated from e by M1. The edge e' also meets three facets of ~ and the 
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boundary of their union is a 2-manifold M2. By Lemmas 1 and 2, the 
graph of Ms together with e' form a non-planar graph. Since this is a 
subgraph of G and does not contain e we have the desired result. 
Suppose Q is a 4-polytope whose graph is G*. Let v be the vertex which 
corresponds to the pyramidal vertex of ~*  (the vertex of ~*  that is not a 
vertex of ~). The antistar of v in Q is a collection, C, of 3-polytopes whose 
union is a topologic 3-cell which contains each vertex of its members on 
its relative boundary and whose graph is G. We shall show that no such 
collection of 3-polytopes exists. 
LEMMA 4. At least one member of  C does not correspond to a facet of ~ 
or a union of facets of ~.  
PROOF: ff all members of C were facets of ~ or unions of facets of ~,  
then the boundary of U C would correspond to a spherical 2-manifold, 
M, which is a subset of the 2-skeleton of ~.  Let n be the number of facets 
of ~ contained in one of the two regions into which M divides the bound- 
ary of ~.  We recall that the graph of ~ (Figure 1) will remain non-planar 
FIGURE 1 
after the removal of any one edge. I f  n ~< 3 then all but at most one edge 
of the members of C lie on the boundary of U C, which is a contradiction, 
thus n >~ 4. But we may apply the same argument o the other region 
containing 7 -- n facets, obtaining 7 --  n >~ 4, which is a contradiction. 
A subgraph H of G will be called full provided each two vertices of H 
which are joined by an edge in G are also joined by an edge in H. We 
observe that, since all 3-polytopes in C are convex, their graphs are full 
subgraphs of G. 
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LEMMA 5. If Q & a simple 4-polytope then each circuit of length 3, 
4 or 5 which does not have diagonals corresponds to a 2-face of Q. 
PROOF: Since Q is simple each path of length 2 lies on some 2-face of 
Q. If we take two edges of a circuit of length 3 then, since the 2-face they 
determine is convex, the segment joining the end-points also belongs to 
that 2-face. Thus the circuit corresponds to a 2-face. 
Suppose S is a circuit of length 4 without diagonals (Figure 2a). The 
edges (a, b) and (a, d) determine a 2-face of Q and so do (c, b) and (c, d). 
These two 2-faces meet at b and d. Since two 2-faces which intersect in Q 
meet on an edge, a vertex, or are coincident we see that they must coincide 
and S corresponds to a 2-face. 
Q. 
c c d. 
(2R) (2b) 
FIGURE 2 
Suppose S is a circuit of length 5 (Figure 2b). We observe that each 
circuit of length 3 belongs to a 3-face of Q. The edges (a, b), (b, c), and 
(c, d) determine a 3-face of Q while (d, e) and (e, a) determine a 2-face. 
When a 2-face meets a 3-face in Q then they intersect on a vertex, an edge, 
or a 2-face. Thus they intersect on a 2-face and S is a circuit in a 3-face F 
of Q. The 2-faces of F are the non-separating circuits of F. Thus if S were 
not a 2-face then it would separate the graph of F. Since F is simple 
(3-valent) one of the components would be attached to F (and thus to the 
rest of the graph) by only 2 (or fewer) edges, contradicting the 3-connected- 
ness of  3-polyhedral graphs. 
From this lemma we deduce that, if H is a full 3-polyhedral subgraph of 
G then each triangular, quadrilateral, andpentagonalface of H corresponds 
to a 2-face of ~. 
LEMMA 6. Any circuit of length six, without diagonals in G, belongs to 
a facet o f~ as indicated in Figure 3. 
PROOE: Let S be a circuit of length six without diagonals. If  S lies 
entirely in a facet then the result clearly holds. If  not, let a, b, c, d, e andf  
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FIGURE 3 
be the vertices of S. The vertices a, b, c and dlie on one facet F, and d, e,f 
and a lie on a facet/:2, thus a and d lie on a 2-face of both F1 and F2 9 
The paths of length 3 without diagonals which end on a 2-face are those 
indicated in Figure 4. We observe that F1 and F2 must meet on a pentagonal 
(4a) (4b) 
(4c) (4d) 
FIGURE 4 
face, since their intersection contains two vertices of a pentagonal face 
which are not joined by an edge. Now it is clear that if the circuit consists 
of one path of type A and one of type B, C, or D then it must lie entirely 
on a facet of P. Suppose S consisted of two paths of type A then F1 and F2 
would meet as indicated in Figure 5. In each case there are two triangular 
2-faces meeting on an edge which does not happen in ~.  
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(5a) 
FIGURE 5 
(5b) 
LEMMA 7. Suppose H is a full 3-polyhedral subgraph of G and H contains 
a hexagon, F, then H contains at least 11 vertices. 
PROOF: Such a hexagon is indicated in Figure 6. By the symmetry of 
we need consider only such circuits on one facet of ~. There are actually 
two cases. The second is indicated in Figure 6b. 
[6a} i~6b) 
FIGURE 6 
CASE I. The hexagon is as in Figure 6a. If H contains ~ and/3 then, 
because H is full, it contains the graph of the facet containing the hexagon 
and thus the hexagon is not a face of It. Suppose H does not contain ~. 
Since each vertex of H is at least 3-valent, H contains % ~-, and 3. Since Q 
is at least 3-valent, H contains E and 8 and we are done. 
Suppose H does not contain/3, then it contains ~, y, and r. But since y 
must be at least 3-valent H contains E and 8. 
CASE II. The hexagon is as indicated in Figure 6b. We may assume 
either ~ or p is not in H. If cr is not in H then H contains % ~,, and ~-. 
582/9/x-4 
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Since y must be at least 3-valent H must contain E or 3. Considering r
and q~ we see that H contains 3 or ~, and ~ or ~. In any ease H must 
contain at least two of ~, ~ and 3. 
I f  H does not contain p then it must contain 99, y, and r. Thus H must 
contain at least two of ~, ~, and & 
LEMMA 8. I f  H is a 3-polyhedral subgraph of G and if H has an n-gonal 
face, n ~ 7, then H contains at least n + 4 vertices. 
PROOF: Suppose S were such an n-gon, n ~ 7, in H and suppose the 
complement of S in H contained only three vertices. Since the complement 
of a face of a 3-polyhedral graph is connected, we can find a path contain- 
ing these three vertices and missing S (Figure 7). This path must be 
connected to S by at least 7 edges; however, it may easily be shown that 
there are not 7 edges available. Vertices a and c may be connected to S by 
at most two edges, for otherwise there would be two triangles which 
meet on an edge which does not happen in G. The vertex b may be joined 
to S by at most two edges because the maximum possible valence of any 
vertex in H is  4, and thus at most 6 edges are available. The same argument 
works if we assume that there are fewer than three vertices in the comple- 
ment of S. 
FXGURE 7 
LEMMA 9. Any member M of C which is not a facet of ~ contains at 
least 11 vertices. 
PROOF: I f  there is a 2-face of M which does not correspond to a 2-face 
of ~ the result follows from the previous lemmas. Otherwise the boundary 
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of M is a spherical 2-manifold in ~.  One of the regions into which the 
boundary of ~ is divided contains at most three facets since ~ contains 
only seven facets. Each region also must contain at least two facets, and 
one may easily verify that a collection of two or three facets contains at 
least 1 1 vertices. 
We are now ready to show that G cannot be realized as the graph of a 
collection of 3-polytopes whose union contains all vertices on its boundary. 
Suppose C were such a collection. By previous lemmas one member, 
P of C, must have at least 1 1 vertices. 
CASE I. Only one member, P of C, is not a facet of ~ nor a union of 
facets of ~,  and P has no pentagons. Let P1 be another member of 6'. The 
set P1 u P2 contains at least 11 + 8 --  4 = 15 vertices. In this case we 
are done since G contains 14 vertices. 
CASE II. P has pentagons and P is the only member of C which is not 
a facet of ~.  I f  C contains three or fewer members then all but at most 
one edge of the graph of C lies on the boundary of 13 C. Since the boundary 
of t) C is a 2-sphere its graph is planar, but we have observed that N (the 
graph of C) is still non-planar when any one edge is removed. We may 
now assume that C has four (or more) members P, P1, P2, and P3. 
I f  P and P1 do not meet on a pentagon then the argument of Case I will 
suffice. We may now assume that P1, P2, and Pa meet P on pentagonal 
faces. Thus P has at least three pentagonal faces. 
If  no two pentagonal faces meet on an edge then P has at least 12 vertices 
(we shall use this fact later on). I f  P has two pentagonal faces that meet 
on an edge then these two faces correspond to two faces of a facet of ~.  
Since the graph of P is full we see that P contains the graph, H, of a facet 
of ~,  as a subgraph and the two pentagonal faces of this subgraph are 
also faces of P. 
We shall now show that if P has this subgraph then P has at least 
12 vertices. We shall use the fact that P must contain an n-gonal face F~, 
n ~ 6 (otherwise P would correspond to a facet of ~ or a union of facets 
of ~). The graph of P is planar and an embedding of P in the plane 
induces an embedding of H in the plane. The n-gonal face F~ must lie in 
the region bounded by either a triangular face of H or a 4-sided face of H 
(if it were in a pentagonal face K of H then K would not be a face of P). 
I f  F~ lies in a 4-sided face, F2, of H then there are three cases to consider. 
(a) Four vertices of F1 are vertices of F2 9 This cannot happen, for if it 
did then each edge of/72 would be an edge of F1 and Fx would have 
only 4 edges. 
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(b) Three vertices of/71 are vertices of F~. In this case two edges of/:1 
are edges of F2 and we have the situation in Figure 8. Either P has 
at least 12 vertices, or the vertices a, b, and c each must be joined 
to d by an edge, which is impossible because fr does not have two 
circuits of length 3 meeting on an edge. 
(c) At most two vertices of F1 are vertices of F2. This case gives us 
that P has at least 12 vertices. 
rz 
FIGURE 8 
I f  F1 lies in a triangular face of H we may use the same reasoning and 
again conclude that P has at least 12 vertices. 
We conclude Case I I  by observing that if P contains 12 vertices then 
P u P1 contains at least 12 + 8 - -  5 = 15 vertices, which is a contra- 
diction. 
CASE III. There are two members, P and P',  which are not facets of ~.  
CASE IIIa. P has no n-gon for n > 7. Then P u P '  contains at least 
11 -t- 11 -- 7 = 15 vertices. 
CASE IIIb. P has an n-gon, n ~> 8. Let m be the largest number 
of edges of any 2-face of P. The polytopes P and P '  have at least 
11 q- (in + 4) - -  4 = 15 vertices between them. 
We have now shown that G* is not 4-polyhedral. Using the fact that a 
3-polyhedral graph is planar, [2, Ch. 13] and that a d-polyhedral graph is 
d-connected [2, Ch. 11] we see that G* is not 3-polyhedral or e-polyhedral 
for e > 5. 
THEOREM. G satisfies (i) and (iii). 
PROOF: Using Lemma 2 we may uniquely determine the 2-skeleton of 
any 4-polytope whose graph is G. Now, by a theorem of Griinbaum 
A COMPLETELY UNAMBIGUOUS 5-POLYHEDRAL GRAPH 53 
[2, Theorem 12.31, p. 228] which states that the combinatorial structure 
of any d-polytope is determined by its (d-2)-skeleton, we are done. 
We may now show that G* is completely unambiguous. Let v be the 
pyramidal vertex of G* and let Q be any 5-polytope whose graph is G*. 
There must be a facet of Q which misses v, thus G contains a subgraph 
which is 4-polyhedral. Since G is 4-valent no proper subgraph of G is 
4-connected, thus the facet in question has G as its graph and Q is a 
pyramid over a realization of G. But G is realized as a 4-polytope in only 
one way, thus G* is completely unambiguous. 
3. REMARKS 
1. Lemma 2 was first proved by M. Perles [6]. 
2. CONJECTURE: No dual, Cn of a cyclic 4-polytope with n vertices, 
n >~ 9, contains a 3-polyhedral subgraph, G, such that the vertex set of Cn 
and the vertex set of G coincide. I f  this were true then it follows from 
results in [1] that the pyramids over C~, n >~ 9, are 5-polytopes whose 
graphs are completely unambiguous. 
3. CONJECTURE: For each even integer d there exists an N such that 
for n > N the graph o f  the pyramid over the dual, C~ a of the cyclic 
d-polytope with n vertices is completely unambiguous. 
4. CONJECTURE: I f  d is odd and greater than three then the graph of 
the pyramid over Cn a is d-polyhedral for all n. 
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